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Ñ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ, ÇÀÂÈÑßÙÈÌÈ ÎÒ
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Äëÿ òðåõñåêòîðíîãî ýêîíîìè÷åñêîãî îáúåêòà óïðàâëåíèÿ ñòàâèòñÿ çàäà÷à îïòèìàëüíîãî
óïðàâëåíèÿ íà êîíå÷íîì èíòåðâàëå âðåìåíè. Ýêîíîìè÷åñêàÿ ñèñòåìà ïóòåì ïðåîáðàçîâà-
íèé ñâåäåíà ê çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ äëÿ îäíîãî êëàññà íåëèíåéíûõ ñèñòåì ñ
êîýôôèöèåíòàìè, çàâèñÿùèìè îò ñîñòîÿíèÿ îáúåêòà óïðàâëåíèÿ. Íàéäåíî íåëèíåéíîå ñèí-
òåçèðóþùåå óïðàâëåíèå, îñíîâàííîå íà ïðèíöèïå îáðàòíîé ñâÿçè ñ ó÷åòîì îãðàíè÷åíèé íà
óïðàâëåíèå, êîòîðîå çàâèñèò îò ñîñòîÿíèÿ ñèñòåìû è òåêóùåãî ìîìåíòà âðåìåíè. Ïîëó-
÷åííûå ðåçóëüòàòû äëÿ íåëèíåéíîé ñèñòåìû èñïîëüçóþòñÿ ïðè êîíñòðóèðîâàíèè óïðàâ-
ëÿþùèõ ïàðàìåòðîâ äëÿ ìàòåìàòè÷åñêîé ìîäåëè òðåõñåêòîðíîãî ýêîíîìè÷åñêîãî îáúåêòà
óïðàâëåíèÿ. Îïðåäåëåíû îïòèìàëüíîå ðàñïðåäåëåíèå òðóäîâûõ è èíâåñòèöèîííûõ ðåñóð-
ñîâ, êîòîðûå óäîâëåòâîðÿþò áàëàíñîâûì ñîîòíîøåíèÿì. Áèáëèîãðàôèÿ: 3 íàçâ. Èëëþñòðà-
öèè: 2 ðèñ.

Â [1, 2] ðàññìîòðåíû çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñ ïðèìåíåíèåì ìíîæèòåëåé Ëàãðàíæà
äëÿ òåõíè÷åñêèõ ñèñòåì è ëèíåàðèçîâàííîé ñèñòåìû ýêîíîìè÷åñêîãî êëàñòåðà. Â íàñòîÿùåé ðà-
áîòå ðàññìàòðèâàåòñÿ ýêîíîìè÷åñêàÿ ñèñòåìà, êîòîðàÿ ïóòåì ïðåîáðàçîâàíèé ñâåäåíà ê çàäà÷å
îïòèìàëüíîãî óïðàâëåíèÿ äëÿ îäíîãî êëàññà íåëèíåéíûõ ñèñòåì ñ êîýôôèöèåíòàìè, çàâèñÿùèìè
îò ñîñòîÿíèÿ îáúåêòà óïðàâëåíèÿ.

Ïðîèçâîäèòñÿ ïðåîáðàçîâàíèå èñõîäíîãî íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, êîòî-
ðîå îïèñûâàåò èñõîäíóþ ñèñòåìó óïðàâëåíèÿ, â ñèñòåìó ñ ëèíåéíîé ñòðóêòóðîé, íî ñ ïàðàìåò-
ðàìè, çàâèñÿùèìè îò ñîñòîÿíèÿ. Èñïîëüçîâàíèå íåëèíåéíîãî êâàäðàòè÷íîãî ôóíêöèîíàëà êà-
÷åñòâà ïîçâîëÿåò ïðè ñèíòåçå óïðàâëåíèÿ îñóùåñòâèòü ïîñòðîåíèå ìàòðè÷íîãî óðàâíåíèÿ Ðèê-
êàòè ñ ïàðàìåòðàìè, íåçàâèñÿùèìè îò ñîñòîÿíèÿ îáúåêòà óïðàâëåíèÿ. Ýòîò ïîäõîä ñîñòàâëÿåò
îñíîâó ñèíòåçà îïòèìàëüíûõ íåëèíåéíûõ ñèñòåì óïðàâëåíèÿ. Ïðåäëàãàåòñÿ èñïîëüçîâàòü êîì-
áèíèðîâàííûé ìåòîä, îñíîâàííûé íà ïîñòðîåíèè íåëèíåéíîé îáðàòíîé ñâÿçè, êîòîðûé ïîçâîëÿåò
ïðåäñòàâèòü èñêîìîå óïðàâëåíèå â âèäå ñèíòåçèðóþùåãî óïðàâëåíèÿ, çàâèñÿùåãî îò ñîñòîÿíèÿ
íåëèíåéíîé ñèñòåìû è òåêóùåãî ìîìåíòà âðåìåíè. Êðîìå òîãî, ýòîò ìåòîä äàåò âîçìîæíîñòü
ó÷åñòü èìåþùèåñÿ îãðàíè÷åíèÿ íà çíà÷åíèÿ óïðàâëåíèé.
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Ïîëó÷åííûå ðåçóëüòàòû äëÿ íåëèíåéíûõ ñèñòåì èñïîëüçóþòñÿ ïðè êîíñòðóèðîâàíèè óïðàâ-
ëÿþùèõ ïàðàìåòðîâ äëÿ òðåõñåêòîðíîãî ýêîíîìè÷åñêîãî îáúåêòà óïðàâëåíèÿ íà êîíå÷íîì îò-
ðåçêå âðåìåíè. Ñëåäóåò îòìåòèòü, ÷òî â ðàññìàòðèâàåìîé çàäà÷å èçìåíÿþòñÿ äîëè òðóäîâûõ è
èíâåñòèöèîííûõ ðåñóðñîâ äëÿ âñåõ òðåõ ñåêòîðîâ ýêîíîìèêè.

1. Òðåõñåêòîðíàÿ ýêîíîìè÷åñêàÿ ìîäåëü îáúåêòà óïðàâëåíèÿ

Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ýêîíîìè÷åñêîé ìîäåëè îáúåêòà óïðàâ-
ëåíèÿ, ñîñòîÿùåé èç òðåõ ñåêòîðîâ: i = 0 (ìàòåðèàëüíûé), i = 1 (ôîíäîñîçäàþùèé), i = 2
(ïîòðåáèòåëüñêèé).

Ðàññìàòðèâàåìàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ñîñòîèò èç [3]
(a) òðåõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùèõ äèíàìèêó ôîíäîâîîðóæåííîñòåé

k̇i = −λiki + (si/θi)x1, ki(0) = k0i , λi > 0, i = 0, 1, 2, (1.1)

(b) òðåõ ôóíêöèé óäåëüíîãî âûïóñêà òèïà Êîááà � Äóãëàñà
xi = θiAik

αi
i , Ai > 0, 0 < αi < 1, i = 0, 1, 2, (1.2)

(c) òðåõ áàëàíñîâûõ ñîîòíîøåíèé
s0 + s1 + s2 = 1, s0 > 0, s1 > 0, s2 > 0, (1.3)

θ0 + θ1 + θ2 = 1, θ0 > 0, θ1 > 0, θ2 > 0, (1.4)

(1− β0)x0 = β1x1 + β2x2, β0 > 0, β1 > 0, β2 > 0. (1.5)
Çäåñü ñîñòîÿíèå ýêîíîìè÷åñêîé ñèñòåìû (ôîíäîâîîðóæåííîñòü) îïèñûâàåòñÿ âåêòîðîì (k0, k1, k2),
(s0, s1, s2, θ0, θ1, θ2) � âåêòîð óïðàâëåíèé, (s0, s1, s2) � äîëè ñåêòîðîâ â ðàñïðåäåëåíèè èíâåñòèöè-
îííûõ ðåñóðñîâ, (θ0, θ1, θ2) � äîëè ñåêòîðîâ â ðàñïðåäåëåíèè òðóäîâûõ ðåñóðñîâ), xi � óäåëüíûé
âûïóñê (êîëè÷åñòâî âûïóñêàåìîé ïðîäóêöèè â i-ì ñåêòîðå â ðàñ÷åòå íà îäíîãî ðàáîòàþùåãî),
βi � ïðÿìûå ìàòåðèàëüíûå çàòðàòû ïðè âûïóñêå ïðîäóêöèè â i-ì ñåêòîðå, i = 0, 1, 2. Íà÷àëüíîå
ñîñòîÿíèå ñèñòåìû ðàâíî k00, k01, k02, ãäå k0i = ki(0) � ôîíäîâîîðóæåííîñòü i-ãî ñåêòîðà, i = 0, 1, 2,
ïðè t = 0. Ðàññìàòðèâàåòñÿ çàäà÷à ïåðåâîäà íåëèíåéíîé ñèñòåìû èç íà÷àëüíîãî ñîñòîÿíèÿ â æå-
ëàåìîå ñîñòîÿíèå çà îòðåçîê âðåìåíè [0, T ]. Â êà÷åñòâå æåëàåìîãî êîíå÷íîãî ñîñòîÿíèÿ (ks0, ks1,
ks2) èñïîëüçóåòñÿ ñîñòîÿíèå ðàâíîâåñèÿ ñèñòåìû, êîòîðîå îïðåäåëåíî â [3] â ñëåäóþùåì âèäå:

ks1 =
(s1A1

λ1

) 1
1−α1

, ks0 =
s0θ1A1(k

s
1)

α1

λ0θ0
, ks2 =

s2θ1A1(k
s
1)

α1

λ2θ2
. (1.6)

Çíà÷åíèÿ ksi , i = 0, 1, 2, â ñîñòîÿíèè ðàâíîâåñèÿ (1.6) çàâèñÿò îò óïðàâëåíèé (s0, s1, s2, θ0, θ1, θ2),
äëÿ êîòîðûõ â [3] ïîëó÷åíû ñòàöèîíàðíûå çíà÷åíèÿ (ss0, s

s
1, s

s
2, θ

s
0, θ

s
1, θ

s
2).

2. Ïîñòàíîâêà çàäà÷è ñ îãðàíè÷åííûì óïðàâëåíèåì

Ìàòåìàòè÷åñêóþ ìîäåëü îáúåêòà óïðàâëåíèÿ (1.1), çàïèøåì â âèäå ñèñòåìû äèôôåðåíöè-
àëüíûõ óðàâíåíèé â âåêòîðíîé ôîðìå

ẏ(t) = Ay(t) +BD(y)u(t) +B(D(y)−D(ks))vs, y(t0) = y0, t ∈ [t0, T ], (2.1)
èñïîëüçóÿ ñëåäóþùèå îáîçíà÷åíèÿ:

y1 = k1 − ks1, y2 = k2 − ks2, y3 = k0 − ks0,

u1 = s1 − vs1, u2 =
s2θ1
θ2

− vs2, u3 =
s0θ1
θ0

− vs3, vs1 = ss1,
ss2θ

s
1

θs2
= vs2,

ss0θ
s
1

θs0
= vs3,

f1(y1) = (y1 + ks1)
α1 , f2(y2) = (y2 + ks2)

α2 , f3(y3) = (y3 + ks0)
α0 ,

A =



−λ1 0 0
0 −λ2 0
0 0 −λ0


 , B =



A1 0 0
0 A1 0
0 0 A1


 ,
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D(y) =



(y1 + ks1)

α1 0 0
0 (y1 + ks1)

α1 0
0 0 (y1 + ks1)

α1


 , D(ks) =



(ks1)

α1 0 0
0 (ks1)

α1 0
0 0 (ks1)

α1


 ,

Ïîñòîÿííûå çíà÷åíèÿ ks è vs îïðåäåëÿþòñÿ èç ñòàöèîíàðíîãî ïîëîæåíèÿ (1.6), äëÿ êîòîðûõ
âûïîëíÿåòñÿ àëãåáðàè÷åñêîå óðàâíåíèå

Aks +BD(ks)vs = 0, (2.2)

ãäå y = (y1, y2, y3)
∗ � âåêòîð ñîñòîÿíèÿ îáúåêòà, u = (u1, u2, u3)

∗ � âåêòîð óïðàâëåíèÿ.
Èñïîëüçóÿ äèôôåðåíöèàëüíîå óðàâíåíèå (2.1) è áàëàíñîâûå ñîîòíîøåíèÿ (1.3)�(1.5), çàïè-

øåì îáúåêò óïðàâëåíèÿ â âèäå

ẏ(t) = Ay(t) +BD(y)v(t), y(t0) = y0, t ∈ [t0, T ], (2.3)

ãäå

v(t) ∈ V (t) = {v|γ1(t) 6 v(t)− (E −D−1(y)D(ks))vs 6 γ2(t), t ∈ [t0, T ], γ1, γ2 ∈ C[t0, T ]},

u(t) = v(t)− (E −D−1(y)D(ks))vs,

g(u, y, s, θ) = 0.

Áóäåì ïðåäïîëàãàòü, ÷òî ñèñòåìà (2.3) óïðàâëÿåìà. Ìàòðèöû A è B óäîâëåòâîðÿþò óñëîâèþ
óïðàâëÿåìîñòè, ò.å. âûïîëíÿåòñÿ óñëîâèå Rank [B,AB, . . . , An−1B] = n.

Ïóñòü çàäàí ôóíêöèîíàë, êîòîðûé çàâèñèò îò óïðàâëåíèÿ è ñîñòîÿíèÿ îáúåêòà:

J(u) =
1

2

T∫

t0

[y∗(t)Q(y)y(t) + v∗(t)Rv(t)]dt+
1

2
y∗(T )Fy(T ), (2.4)

ãäå Q(y) = KBD(y)R−1D∗(y)B∗K − KBD(ks)R−1D∗(ks)B∗K + Q1 � ïîëîæèòåëüíî ïîëóîïðå-
äåëåííàÿ ìàòðèöà, à R,D(y), F � ïîëîæèòåëüíî îïðåäåëåííûå ìàòðèöû.

Ñòàâèòñÿ çàäà÷à. Òðåáóåòñÿ íàéòè ñèíòåçèðóþùåå óïðàâëåíèå v(y, t), êîòîðîå ïåðåâîäèò ñè-
ñòåìó (2.1) èç çàäàííîãî íà÷àëüíîãî ñîñòîÿíèÿ y(t0) = y0 â æåëàåìîå ñîñòîÿíèå ðàâíîâåñèÿ
y(T ) = 0 çà îòðåçîê âðåìåíè [t0, T ], ìèíèìèçèðóÿ ïðè ýòîì ôóíêöèîíàë (2.4).

3. Ðåøåíèå çàäà÷è ñ îãðàíè÷åííûì óïðàâëåíèåì

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ïðèáàâèì ê âûðàæåíèþ äëÿ ôóíêöèîíàëà (2.4) ñèñòåìó
äèôôåðåíöèàëüíûõ óðàâíåíèé (2.3) ñ ìíîæèòåëåì λ = Ky+q(t), à òàêæå ñëåäóþùåå âûðàæåíèå:

λ∗
1(t)[γ1 − u(t)] + λ∗

2(t)[u(t)− γ2] + λ∗
3(t)[y(t)−W (t, T )q(t)], (3.1)

ãäå λ1 > 0, λ2 > 0. Â ðåçóëüòàòå ïîëó÷èì ôóíêöèîíàë

L(y, v) =

T∫

t0

{1
2
y∗(t)Q(y)y(t) +

1

2
v∗(t)Rv(t) + (Ky + q(t))∗(Ay +BD(y)v(t)− ẏ)

+ λ∗
1(t)[γ1 − u(t)] + λ∗

2(t)[u(t)− γ2] + λ∗
3(t)[y(t)−W (t, T )q(t)]}dt+ 1

2
y∗(T )Fy(T ), (3.2)

ãäå q(t) � âåêòîð ðàçìåðíîñòè (n× 1), K � ñèììåòðè÷åñêàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ïîñòî-
ÿííàÿ ìàòðèöà ðàçìåðîâ (n× n).

Äëÿ ðàññìàòðèâàåìîé çàäà÷è ïðèíöèï îñâîáîæäåíèÿ îò ñâÿçåé ñîñòîèò â ñëåäóþùåì: èñ-
õîäíàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñ îãðàíè÷åíèÿìè ñâîäèòñÿ ê äðóãîé çàäà÷å áåç îãðà-
íè÷åíèé. Ïðè ýòîì íîâàÿ çàäà÷à ôîðìóëèðóåòñÿ òàê, ÷òîáû åå ðåøåíèå ÿâëÿëîñü áû ðåøåíèåì
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ïåðâîíà÷àëüíîé çàäà÷è [1, 2]. Ââåäåì ôóíêöèè

V (y, t) =
1

2
y∗Ky + y∗q(t), (3.3)

M(y, v, t) =
1

2
y∗Q(y)y +

1

2
v∗Rv + (Ky + q(t))∗(Ay(t) +BD(y)v(t)) + y∗q̇(t)

+ λ∗
1(t)[γ1 − u(t)] + λ∗

2(t)[u(t)− γ2] + λ∗
3(t)[y(t)−W (t, T )q(t)]. (3.4)

Òîãäà ñïðàâåäëèâî ñëåäóþùåå ïðåäñòàâëåíèå ôóíêöèîíàëà (3.2):

L(y, u) = V (y0, t0) +

T∫

t0

M(y, u, t)dt− V (y(T ), T ) +
1

2
y∗(T )Fy(T ). (3.5)

Èñêîìîå óïðàâëåíèå îïðåäåëÿåòñÿ èç ñîîòíîøåíèÿ
R(u+ (E −D−1(y)Ds)vs) = −D∗B∗(Ky + q(t))− (λ2 − λ1), (3.6)

ãäå ìàòðèöû K,W (t, T ) è âåêòîð q(t) óäîâëåòâîðÿþò íà îòðåçêå t ∈ [t0, T ] äèôôåðåíöèàëüíûì
óðàâíåíèÿì:

KA+A∗K −KBD(ks)R−1D∗(ks)B∗K +Q1 = 0, (3.7)

Ẇ = WA∗
1(y, t) +A1(y, t)W −B1(y), W (T, T ) = (F −K)−1, F À K, (3.8)

q̇ = −A∗
1(y, t)q +W−1(t, T )BDϕ(y, t), q(T ) = (F −K)y(T ). (3.9)

Çäåñü èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷åíèÿ:
A1(y, t) = A−B1(y)K(t), B1(y) = BD(y)R−1D∗(y)B∗,

ϕ(y, t) = R−1[λ1(y, t)− λ2(y, t)],
(3.10)

λ1(y, t) = Rmax{0; γ1 − ω(y, t)} > 0, λ2(y, t) = Rmax{0;ω(y, t)− γ2} > 0,

ω(y, t) = −(E −D−1(y)Ds)vs −R−1D∗(y)B∗(Ky + q(t)), Ds = D(ks).
(3.11)

Ïóñòü ñóùåñòâóþò ðåøåíèÿ óðàâíåíèé (3.7), (3.8). Òîãäà äèôôåðåíöèàëüíûå óðàâíåíèÿ,
îïðåäåëÿþùèå çàêîí äâèæåíèÿ ñèñòåìû, ïðåäñòàâèì â âèäå

ẏ = A1(y, t)y(t)−BD(y)R−1D∗(y)B∗q(t) +BD(y)ϕ(y, t), y(t0) = y0. (3.12)
Îòìåòèì, ÷òî íà÷àëüíîå óñëîâèå äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ (3.9) îïðåäåëÿåòñÿ èç ñî-
îòíîøåíèÿ

y(t) = W (t, T )q(t), t ∈ [t0, T ]. (3.13)
Ðåçóëüòàòû, óñòàíîâëåííûå äëÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ (2.1)�(2.4), ñôîðìóëèðóåì

â âèäå ñëåäóþùåãî óòâåðæäåíèÿ.
Òåîðåìà 3.1. Ïóñòü Q(y) � ïîëîæèòåëüíî ïîëóîïðåäåëåííàÿ ìàòðèöà, R, F , D(y) �

ïîëîæèòåëüíî îïðåäåëåííûå ìàòðèöû íà îòðåçêå t0 6 t 6 T , ìàòðèöà W0 = W (t0, T ) ïîëî-
æèòåëüíî îïðåäåëåíà. Ïðåäïîëîæèì, ÷òî ñèñòåìà (2.3) âïîëíå óïðàâëÿåìà â ìîìåíò âðåìåíè
t0. Òîãäà äëÿ îïòèìàëüíîñòè ïàðû (y(t), u(t)) â çàäà÷å (2.3), (2.4) äîñòàòî÷íî âûïîëíåíèÿ ñëå-
äóþùèõ óñëîâèé:

1) y(t) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ
ẏ = A1(y, t)y(t)−B1(y)q(t) +BD(y)ϕ(y, t), y(t0) = y0, (3.14)

2) óïðàâëåíèå îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:
u(y, t) = −(E −D−1(y)Ds)vs)−R−1D∗(y)B∗(Ky + q(t)) + ϕ(y, t). (3.15)

Ìàòðèöû K è W (t, T ) ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèé (3.7) è (3.8), ôóíêöèÿ q(t) óäîâëåòâî-
ðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ (3.9), âåêòîð-ôóíêöèÿ ϕ(y(t), t) îïðåäåëÿåòñÿ ïî ôîðìóëå
(3.10).
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4. Àëãîðèòì ðåøåíèÿ çàäà÷è

Îïèøåì óäîáíûé äëÿ ðåàëèçàöèè íà êîìïüþòåðå àëãîðèòì ðåøåíèÿ çàäà÷è îïòèìàëüíîãî
óïðàâëåíèÿ (2.1)�(2.4).

1. Ðåøèòü ñèñòåìó àëãåáðàè÷åñêèõ è äèôôåðåíöèàëüíûõ óðàâíåíèé (3.7) è (3.8) äëÿ îïðå-
äåëåíèÿ ìàòðèö K è W (t, T ) íà îòðåçêå [t0, T ].

2. Çàäàòü óñëîâèÿ y(t0) = y0 è âû÷èñëèòü q(t0) = W−1(t0, T )y(t0).
3. Ïðîèíòåãðèðîâàòü ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé (3.12), (3.9) íà îòðåçêå [t0, T ]

ïðè íà÷àëüíûõ óñëîâèÿõ y(t0) = y0, q(t0) = W−1(t0, T )y(t0). Â ïðîöåññå èíòåãðèðîâàíèÿ ñè-
ñòåìû (3.12) è (3.9) íà ïå÷àòü íåîáõîäèìî âûäàòü ãðàôèê îïòèìàëüíîé òðàåêòîðèè y(t) è îïòè-
ìàëüíîãî óïðàâëåíèÿ u(t) .

4. Ïóñòü íàéäåíî ñîñòîÿíèå ñèñòåìû y(t) è îïòèìàëüíîå óïðàâëåíèå u(t). Òîãäà
u(t) = v(t)− (E −D−1(y)D(ks))vs,

f1(y1) = (y1 + ks1)
α1 , f2(y2) = (y2 + ks2)

α2 , f3(y3) = (y3 + ks0)
α0 ,

ξ =
β1A1f1(y1) + β2A2f2(y2)(1− u1 − vs1)/(u2 + vs2)

(1− β0)A0f3(y3)(1− u1 − vs1)/(u3 + vs3) + β2A2f2(y2)(1− u1 − vs1)/(u2 + vs2)
(4.1)

îáåñïå÷èâàþò âûïîëíåíèå óñëîâèÿ (1.5),
s1 = u1 + vs1, s2 = (1− ξ)(1− u1 − vs1), s0 = ξ(1− u1 − vs1) (4.2)

îáåñïå÷èâàþò âûïîëíåíèå óñëîâèÿ (1.3),

θ1 =
1

1 + s0/(u3 + vs3) + s2/(u2 + vs2)
, θ2 =

(1− ξ)(1− s1)θ1
(u2 + vs2)

, θ0 =
ξ(1− s1)θ1
(u3 + vs3)

(4.3)

îáåñïå÷èâàþò âûïîëíåíèå óñëîâèÿ (1.4).

5. ×èñëåííûå ðàñ÷åòû äëÿ îïðåäåëåíèÿ îïòèìàëüíîãî ðàñïðåäåëåíèÿ
òðóäîâûõ è èíâåñòèöèîííûõ ðåñóðñîâ

Áûëè ïðîâåäåíû ÷èñëåííûå ðàñ÷åòû íà êîìïüþòåðå ïðè ñëåäóþùèõ çíà÷åíèÿõ ïàðàìåòðîâ:
i αi βi λi Ai ssi θsi ksi
0 0.46 0.39 0.05 6.19 0.2763 0.3944 966.4430
1 0.68 0.29 0.05 1.35 0.4476 0.2562 2410.1455
2 0.49 0.52 0.05 2.71 0.2761 0.3494 1090.1238

Ðåøàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ äëÿ çíà÷åíèé íà÷àëüíîãî ñîñòîÿíèÿ ñèñòåìû
y(t0) , êîòîðûå çàäàíû â ñëåäóþùåì âèäå:

y(t0) = (−700, −300, 300)∗, (5.1)
à ìàòðèöû R, Q1, K èìåþò âèä

R =



200 0 0
0 200 0
0 0 200


 , Q1 =



16 · 10−4 0 0

0 8 · 10−4 0
0 0 8 · 10−4


 ,

K =



0.1968 · 10−2 0 0

0 0.1354 · 10−2 0
0 0 0.1354 · 10−2


 .

Ðåçóëüòàòû ðàñ÷åòîâ ñîñòîÿíèÿ ñèñòåìû ïðåäñòàâëåíû íà ðèñ. 1(à). Èç ðèñ. 1(b) âèäíî, ÷òî
îïòèìàëüíûå óïðàâëåíèÿ íå âûõîäÿò çà ïðåäåëû îáëàñòè V , îïðåäåëÿåìîé îãðàíè÷åíèÿìè. Äëÿ
ðàññìàòðèâàåìîãî ïðèìåðà ýòè îãðàíè÷åíèÿ èìåþò âèä

−0.45 6 u1 6 0.45, −0.1 6 u2 6 0.8, −0.15 6 u3 6 0.75. (5.2)
Çäåñü êîìïîíåíòû óïðàâëåíèÿ u1(t) è u3(t) ëåæàò íà ãðàíèöå îáëàñòè V íà îòðåçêå âðåìåíè
[0, t1] è [0, t2] ñîîòâåòñòâåííî, çàòåì ïðè t ∈ [t1, T ], t ∈ [t2, T ], çàõîäÿò âî âíóòðü îáëàñòè V .
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Ïåðåêëþ÷åíèå óïðàâëåíèé ïðîèñõîäèò â ìîìåíò âðåìåíè t1 = 1.553 äëÿ êîìïîíåíòû u1(t) è
t2 = 4.314 äëÿ u3(t).

(a) (b)

Ðèñ. 1. Ãðàôèêè òðàåêòîðèé y(t) (a) è îïòèìàëüíîãî óïðàâëåíèÿ u(t) (b).
Îïòèìàëüíûå çíà÷åíèÿ ñîñòîÿíèé ñèñòåìû â êîíå÷íûé ìîìåíò âðåìåíè ïðè T = 20: y1(T ) =

−0.7292 · 10−4, y2(T ) = −0.2731 · 10−2, y3(T ) = 0.6313 · 10−2 è îïòèìàëüíûå çíà÷åíèÿ óïðàâ-
ëåíèé â êîíå÷íûé ìîìåíò âðåìåíè ïðè T = 20: u1(T ) = 6.5097 · 10−7, u2(T ) = 0.2432 · 10−4,
u3(T ) = −0.5620 ·10−4. Ñ ïîìîùüþ (4.1)�(4.3) îïðåäåëåíû îïòèìàëüíîå ðàñïðåäåëåíèå òðóäîâûõ
(θ1(t), θ2(t), θ0(t)) è èíâåñòèöèîííûõ ðåñóðñîâ (s1(t), s2(t), s0(t)). Íà ðèñ. 2 ïîêàçàíû èçìåíåíèÿ
ðåñóðñîâ, êîòîðûå óäîâëåòâîðÿþò áàëàíñîâûì ñîîòíîøåíèÿì (1.3)�(1.5).

(a) (b)

Ðèñ. 2. Ãðàôèêè îïòèìàëüíîãî ðàñïðåäåëåíèÿ èíâåñòèöèîííûõ (a) è òðóäîâûõ (b) ðåñóðñîâ
äëÿ áàëàíñîâûõ ñîîòíîøåíèé (1.3)�(1.5).
Çíà÷åíèÿ èíâåñòèöèé (s1(t), s2(t), s0(t)) è òðóäîâûõ ðåñóðñîâ (θ1(t), θ2(t), θ0(t)) â êîíå÷íûé

ìîìåíò âðåìåíè ïðè T = 20 ñòðåìÿòñÿ ê ñòàöèîíàðíîìó ñîñòîÿíèþ, ñ îöåíêîé ïðèáëèæåíèÿ
|s1(T )− ss1| = 0.6510 · 10−6, |s2(T )− ss2| = 0.1017 · 10−3, |s0(T )− ss0| = 0.1024 · 10−3, |θ1(T )− θs1| =
0.1430 · 10−4, |θ2(T )− θs2| = 0.2386 · 10−4, |θ0(T )− θs0| = 0.3816 · 10−4.
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